Mixed Integer Linear Programming

Part IV - exercises

Prof. Davide M. Raimondo



Exercise 1

min 7xy + x2 + 3y1 + 6ys min 7z + xo + 3y1 + 6yo
x1 + 10x2 + 2y1 + y2 = 100 : r1 + 1029 4+ 2y1 + y2 — s1 = 100
1ty <1 Y1+ Y2 +s2 =1
standard form
xr1,x2 =0 T1,T2,81,52 = 0
Y1,Y2 € {05 1} Yi,Y2 € {U: l}
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Exercise 1

Node 0 - Root: relaxed problem @

min 7x1 + x2 + 3y1 + 6y2 0:=0 V1

T+ 10332 + le + Yz — §1 = 100

Y1+ y2 +s2 =1 @ @

Y1 +s3=1

Yo + S4 = 1 az):y 62:1 az):y 62:
T1,T2,81,82,83,54,Y1,Y2 = 0
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Exercise 1

In this case the eqns. with s3 and s4 are redundant @
min 7xy + x2 + 3y + 6y i disl
r1 + 103}2 + 2y1 + Yz — 81 = 100

i+ Y2 + 82 = 1 @ @
Lry1,L2,51,52,Y1,Y2 2 0
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Exercise 1

Tr1 + To + 3y1 + 6o T = (x1,72,51,52,Y1,%2)

r1 + 1022 + 2y1 + y2 — 51 = 100 T =(7,1,0,0,3,6)

yityztsz=1 1 10 -1 0 2 1

T1,T2,51,82,Y1,Yy2 = 0 A:(D 0 0 1 1 1)
bT = (100, 1)

cTx

Axz =D . :

T > 0 Matlab implementation of LP:

opts = optimoptions (@linprog, "Algorithm', 'simplex');

% Use linprog with simplex algorithm

[X, FVAL, EXITFLAG, OUTPUT]=1linprog (£, [], [1,A,b,LB, [1, []1, opts)
% LB is the lower bound and contains all zeros
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Exercise 1

min  7xy + 23 + 3y; + 62 T = (x1,22,51,52,Y1,Y2)
I + 10’1‘}2 + 23‘;‘1 + Y2 — S§1 = 100 cT (73 L 01013,6)

yityz+sy=1 (1 10 -1 0 2 1)
11

P

T1,T2,81,82.Y1,ya = 0
152551552, Y1, Y2 = 0 0 0 1

bT = (100, 1)

The solution to the LP relaxation of node 0 provides 7 = (0,10,0,1,0,0) and cost 10. The optimizer
provides binary values for y; and y» which means the optimal solution of the relaxed problem is also the
optimal solution of the original MILP! (we are done!) (Yesterday we got some approximation cause we
were not imposing the simplex algorithm as method)




Exercise 2

r1 + x9 + 3y + 6ys max x1 + x2 + 3y1 + 6y2

r1 + 10x2 + 211 + y2 < 100 x1 + 1029 + 2y1 + y2 + s1 = 100
Y1 +y2 < 1.5 e Y1+ y2+ 82 =15

Ty, 22 >0 standard form L1, 51,85 >0

y1,y2 € {0,1} y1,y2 € 10,1}
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Exercise 2

Node 0 - Root: relaxed problem @

max x1 + x2 + 3y; + 6ys

0120 61:1
x1 + 10x2 + 2y1 + y2 + s1 = 100
Y1 +1y2 + 82 =1.5
®
Yz + 84 =1 3
£r1,T2,51,52,53,54,Y1,Y2 >0 azy 62:1 az’:y
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Exercise 2

Node 0 - Root: relaxed problem

This time the 2 new constraints are not redundant.

i max Iy -+ To + 3y1 + 6:{}2 Solution of the relaxed problem:

x1 + 10x2 + 2y1 + y2 + 51 = 100 =T = (98,0,0,0,0.5,0,0.5,1)

| y1 +y2+s2 =15
Y1 4 s3 =1 Optimal cost of the relaxed problem: 105.5
Yz +s4 =1

T1,T2,51,52,53,51,Y1,y2 = 0

Since all the relaxed binary variables are not 0 or 1 at the optimum, the LP relaxation at the root
node provides only an upper bound on the optimal cost of the original MILP (is a maximization — upper

» bound) Fie
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Exercise 2

Node 1 - y; =0 (y2 free) @

max 1 + x2 + 6y2 9,=0 d,=1
x1 + 10x9 + Yo + 81 = 100

Y2 + 82 = 1.5

T1,T2,81,82 =0 @ @
Y2 € {D: 1}
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Exercise 2

The LP relaxation of the candidate problem is

max x1 + x2 + 6ys
x1 + 10xo9 + Yo + 51 = 100

y2+52=1.5 @
Y2 +s4 =1

T1,T2,81,82,84,Y2 = 0 aZ)Zy
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Exercise 2

The equation with s2 is redundant and can be omitted @

max

(=

0120 61:1
1 + x2 + 6y
x1 + 10xo + Yoz + 81 = 100
Y2 + 84 =1 @ @

L1, L2,51454,Y2 > 0 az):y 62:1 az):y 62:
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Exercise 2

The equation with s2 is redundant and can be omitted
max 1 + To + 6ys
:1?1—|—10I2+y2—|—31=100
Yo + 84 =1 B
L1,L2, 51,54, Y2 ::0 ‘
o The solution to the LP relaxation of the candidate problem associated to node 1 provides xT = §

(99,0,0,0,1) and cost 105.
This provides an incumbent solution since y; = 0 and yo = 1!!
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Exercise 2

Node 2 - y; = 1 (12 free) @

max

(=

B ot s e s s e

T, + 12 + 3 + 6y2 d,=0 0:=1

x1 + 10x4 +2+y2—|—51 = 100

1+ ys+ 89 = 1.5 @ @

L1y 2,51, 52 > 0

y2 € {0, 1} az)zy d,=1 az’zy 0,=
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Exercise 2

By rearranging and dropping the constant in the cost @

Inaz

(=

9,=0 d,=1
r1 + x2 + 6y2 \
x1 + 1029 + Yo + S1 = 98
o + 89 = 0.5 @ @

Ty, Tg,S1,82 =2 0 SR SO G
o c {Uj]_} 2/ 2 2 2
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Exercise 2

The LP relaxation of the candidate problem is @

max

(=

0120 61:1
r1 + T + 6y
x1 + 10x2 + y2 + 51 = 98 @ @
Yo -+ S9 = 05

y2 + 84 =1 aZ’Zy d,=1 az):y d,=
T1,T2,851,52,84,Y2 = 0
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Exercise 2

In this case we can drop the constraint involving @

s4 since the previous one gives a tighter bound on y2

0120 “1
max xi + 9 + 6y
r1 + 1029 + yo + 51 = 98 @ @
o + SS9 = 0.5

T1,%2,81,52,y2 > 0 az’:y 92! az’zy O2=
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Exercise 2

max 1z + To + 6y
r1+ 1029 + y2 + 51 = 98
y2 +s2 = 0.5
r1,T2,51,52,y2 = 0

The solution to the LP relaxation of the candidate problem associated to node 2 provides zT =
(97.5,0,0,0,0.5) and cost 103.5 (was 100.543 that we dropped).

This provides an upper bound to any completion of (1,#).

Since such upper bound is lower than the incumbent solution we have, there is no reason to explore
this branch any further!

We are done.

The optimal solution is z1 = 99,29 = 0,51 = 0,82 = 0.5,71 = 0,72 = 1 and the optimal cost is 105.

The solution was obtained solving 3 LPs rather than all the combinations (which results in 4 LPs).




